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Abstract 

Given a finite dimensional algebra A of finite global dimension, we consider the 
trivial extension of A by the A — ^-bimodule ©i>2 Ext^(L'^, which we call the 
higher relation bimodule. We first give a recipe allowing to construct the quiver of this 
trivial extension in case ^ is a string algebra and then apply it to prove that, if A is 
gentle, then the tensor algebra of the higher relation bimodule is gentle. 

1 Introduction 

The objective of this paper is to describe a new class of algebras, which we call higher relation 
extensions. Our motivation comes from the study of cluster-tilted algebras, introduced by 
Buan, Marsh and Reiten in jBMR] . and in |CCS] for type A. Indeed, it was shown in jABS] 
that an algebra A is cluster-tilted if and only if there exists a tilted algebra C such that A is 
isomorphic to the trivial extension of C by the C — C-bimodule Ext^(DC, C). Moreover, a 
recipe for constructing the quiver of this trivial extension was given in |ABSt Theorem 2.6]. 
The proof of the latter result rests on the fact that tilted algebras have global dimension 2. 

Here, we consider the more general case of an algebra A having an arbitrary finite global 
dimension and consider its trivial extension by the bimodule ^^^2 Ext^(DA, A), which we 
call the higher relation bimodule. We believe that this class of algebras, which we call higher 
relation extensions, will be useful in the study of m-cluster-tilted algebras (see |FPT] jB]). 
Our first objective is to describe the ordinary quiver of the higher relation extension of A in 
the case where A is a string algebra in the sense of Butler and Ringel |BR] . We also assume 
that the quiver of A is a tree. This is no restriction, because the universal cover of a string 
algebra is a string tree [G]. Our theorem reads as follows. 

Theorem 1.1 Let A = kQ/I be a string tree algebra. Then there exist two sequences (q), [ze) 
of points of Q such that the arrows in the quiver of the higher relation extension are exactly 
those of Q plus one additional arrow from each zi to q. 

Our proof is constructive, in the sense that we give an algorithm allowing to construct 
explicitly the sequences (q) and {z() and thus the quiver of the higher relation extension. 

We then consider the particular case where A is a gentle algebra. Gentle algebras form 
an important subclass of the class of string algebras. Part of their importance comes from 
the fact that this subclass is stable under derived equivalences jSZ] . While, as we show, the 
higher relation extension algebra of a gentle algebra is monomial but not necessarily gentle. 
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we prove using our Theorem 11.11 that the tensor algebra of the higher relation bimodule is 
gentle. 

Theorem 1.2 Let A = kQ/I be a gentle algebra, then the tensor algebra of the higher relation 
bimodule 0.>2 Ext^(DA, A) is gentle. 

The paper is organised as follows. In section 2, we fix the notation and recall some facts 
and results about string and gentle algebras. Section 3 is devoted to the computation of 
projective resolutions and injective coresolutions of uniserial modules over a string algebra. 
We study the top of the higher extension bimodule in section 4 and we prove Theorem II. II in 
section 5. Sections 6 and 7 are devoted to the case of gentle algebras. 

2 Preliminaries 

2.1 Notation 

Throughout this paper, algebras are basic and connected finite dimensional algebras over 
an algebraically closed field k. Given an algebra A, there always exists a (unique) quiver 
Q = {QoyQi) (^-t least) an isomorphism A = kQ/I, where kQ is the path algebra of Q, 
and / is an admissible ideal of kQ, see, for instance, |ASS] . Such an isomorphism is called a 
presentation of the algebra. Given an algebra A, we denote by mod A the category of finitely 
generated right A-modules, and by -D = Homfc(— , k) the standard duality between mod A and 
modA°P. For a point x in the quiver Q of A, we denote by P{x), I{x), S{x),ex respectively, 
the corresponding indecomposable projective module, injective module, simple module and 
primitive idempotent. We recall that a module M can be equivalently considered as a bound 
quiver representation M = {M^, Ma)i£Qo^aeQi- The projective, or injective, dimension of a 
module M is denoted by pd M, or id M, respectively. The global dimension of A is denoted 
by gldimA. For facts about the category mod A, we refer the reader to |ARSj or |ASSj . 

2.2 Trivial extensions 

Let A be an algebra and M an A — A-bimodule . The trivial extension of A by M is the 
algebra A x M with underlying /c-vector space 

A®M = {{a,m)\a e A, m e M} 

and the multiplication defined by 

(a, m).{a', m') = {a. a, am' + ma) 

for a, a' & A and m, m' G M. 

For instance, an algebra A is cluster-tilted if and only if there exists a tilted algebra C 
such that A is the trivial extension of C by the so-called relation bimodule Ext^(-DC, C), see 
jXBS] . 

The ordinary quiver of a trivial extension is computed as follows (see, for instance, |ABS] ): 
let M he an A — A bimodule, then the quiver Qa^km of A k M is given by 
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1) (<5axa/)o= {Qa}o 

2) For z,c E {Qa)o, the set of arrows in Qakm from z to c equals the set of arrows in Qa 
from z to c plus 

e^Mcc 

e^M{TadA)ec + e^(radv4)Mec 

additional arrows from z to c. 

The latter arrows are called new arrows, while the former are the old arrows. 

2.3 String algebras 

Recall from |BR] (see also |WW] ) that an algebra A is called a string algebra if there exists 
a presentation A = kQ/I (called a string presentation) such that: 

51) / is generated by a set of paths (thus A is monomial). 

52) Each point in Q is the source of at most two arrows and the target of at most two 
arrows. 

53) For an arrow a, there is at most one arrow f3 and at most one arrow 7 such that a/3 ^ / 
and 7a ^ /. 

Whenever we deal with a string algebra A, we always assume that it is given by a string 
presentation A = kQ/I. We assume moreover that the relations (that is, the generators of /) 
are of minimal length. 

A reduced walk a; in Q is called a string if it contains no zero relations. To each string 
u in Q, we can associate a so-called string module jBR] in the following way. If u is the 
stationary path at j, then M{u) = S{j). Let u = U1U2 ■ ■ - oJt be a string, with each Ui an 
arrow or the inverse of an arrow. For each i such that < i < t, let Vi = k; and for 1 < i < t, 
let K;. be the identity map sending x E Vi to x E V^+i if Ui is an arrow and otherwise the 
identity map sending x G Vj+i to x G Vi. The string module M{u) is then defined as follows: 
for each j G Qo, M{u)j is the direct sum of the vector spaces Vi such that the source of Ui is 
j if j appears in u, and otherwise M{u)j = 0; for each a G Qi, M{u)a is the direct sum of 
the maps K;. such that coi = a or co^^ = a ii a appears in to, and otherwise M{uj)a = 0. 

A non-zero path u in Q for a to 6 will sometimes be denoted by [a, b], whenever there is 
no ambiguity. Then, the corresponding string module is denoted by M{u) = M{[a,b]). 

We also recall that the endomorphism ring of a projective module over a string tree algebra 
A (a full subcategory of A) is also a string tree algebra. 

2.4 Gentle algebras 

Recall from |AS] that a string algebra A = kQ/I is called gentle if in addition to (5*1), (5*2), (5*3), 
the bound quiver {Q, I) satisfies: 
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Gl) For an arrow a, there is at most one arrow /3 and at most one arrow 7 such that a/3 G / 
and 7a G /. 

G2) / is quadratic (that is, / is generated by paths of length 2). 

For instance, cluster-tilted algebras of types A and A are gentle [ABCPj . 

3 Resolutions of uniserial modules 

In this section, we compute minimal projective resolutions of an injective module, and dually 
minimal injective coresolutions of a projective module over a string algebra. Throughout, we 
let A = kQ/I be a string presentation. 

Definition 3.1 Let [xo,?/o] be a non-zero path from xq to in Q. We define inductively 
the right maximal sequence of [xq, yo] as follows. This is a finite sequence of non-zero paths 
[xj^i2...j„ ?/j^j2- -*t] ii = and ij G {0, 1} such that 

1) Let [xo,yoo],[xo,yoi] be the maximal non-zero paths starting at Xq (where we agree that 
[xo,yo] is contained in [xo,yoo])- 

Then we set 

[xoo,yoo] = [xo,yoo]\[xo,yo] 

and 

[xouyoi] = [xo,yoi]\[xo,yo] = [xo,yoi]\{xo}- 

2) Inductively, assume that [a;oi2---it_i, 2/oi2 - it_i] has been defined. Let [xoia - it-i, yoi2---it-io] 
and [a^oi2---jt-i5 2/oi2 - «t-ii] maximal non-zero paths starting at Xoi2---it_i, where we 
agree that [xoj2-it_i, 2/oj2-it-i] contained in [xoia-it-i, yoia-it-io] ■ 

Then we set 

and 

[^042 1 ' l/0i2---jt-il] [3^012 ' ?/0i2---jt-il]\{'^0i2---it-i }• 

The left maximal sequence of a non-zero path is defined dually. However, we do it explicity 
for the convenience of the reader. 

Definition 3.2 Let [ro, sq] be a non-zero path from tq to sq in Q. We define inductively 
the left maximal sequence of [ro, Sq] as follows. This is a finite sequence of non-zero paths 
[^iii2---it) ^iii2-it\ '^^^h «i = and ij G {0, 1} such that 

1) Let [?"oo; ■5o],[?"oi7 -So] the maximal non-zero paths ending at Sq, where we agree that 
[ro, So] is contained in [roo,So]. Then we set 

Ko,-Soo] = [rm,yo]\[ro^SQ] 

and 

[^^01,501] = [roi,2/o]\N,So] = [roi,So]\{so}- 
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2) Inductively, assume i/iai [roj2---it_i, ■5oj2- -it-i] has been defined. Let [roi^^-'-it-n soi2---it-io] and 
[Toi2---it-i^ soi2---it_ii] he the maximal non-zero paths ending at soi2---ii_i, where we agree that 
[roi2---it-x-,soi2---it-i] is contained in [roj2-it_i, soi2-it-io]- Then we set 

[''"0j2---jt-i0; '5oi2---it_io] = ['"0j2---it-u '50i2---it-io]\['''Oj2---it-l5 '50j2---it-i] 

and 

[ro ]\{S0i2-it-l}- 

Note that in both cases, some of the paths above might be empty and in this case, the points 
considered do not exist. 

Our first result follows directly from the above definitions. 
Theorem 3.3 Let A = kQ/I be a string algebra. 

a) If [xo, yo] is a non-zero path in Q and 

y P,^ P^^ P,^ P^^ M[xo, yo] ^ 

is a minimal projective resolution then, for I > 1, 

where the direct sum is taken over all l-tuples (0,22? ■ ■ ■ ^k) such that ik G {0, 1} for all 
k with 2 < k < I and the point xoij - i; in definition 3.1 exists. 

b) If [ro-So] is a non-zero path in Q and 

^ M[ro, So] ^ h ^ h ^ h ^ h ^ ■ ■ ■ 
is a minimal injective coresolution then, for I > 1, 

where the direct sum is taken over all l-tuples (0,225 ■ ■ ■ ik) such that ik € {0, 1} for all 
k with 2 < k < I and the point Soi2...i; in definition 3.2 exists. 

Proof. We only prove a), since the proof of b) is dual. 
Clearly, the projective cover of the uniserial module M[xq, yo] is P{,Xq), whose support consists 
of the (at most two) maximal non-zero paths [a;o,yoi] and [xo,|/oi] starting at Xq. Then, 

9}M[xo.yo] = M[xoo, yoo] © M[xoi, yoi] 
where Xqq and Xqi are defined as above. The rest follows from an easy induction. □ 
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Example 3.4 Suppose that the string algebra is given by the following bound quiver. 



2 7 — 9-8 . ■ ■ ■ ■ ■■ ■ ■11 — 9^ 12 ■ 



10 — 9- 14 ■ 



Here, and in the sequel, dotted lines indicate relations. 
Considering the path [xo,yo] = [3,9], the right maximal sequence is 

[3, 9]; [10, 15], [4, 5]; [16, 17], [11, 11] = {11}, [6, 6] = {6}; [12, 12] = {12}; [13, 13] = {13}. 

This sequence may be conveniently shown in the following diagram 

[3,9] — [4,5] {6} 

[10,15] {11} {12} — {13} 

[16, 17] 

The minimal projective resolution o/M[3,9] is the following (compare with the above diagram) 

^ P(13) ^ P(12) ^ 

-> P(16) © P(ll) © P(6) ^ P(10) © P(4) ^ P(3) ^ M[3, 9] ^ 0, 

where the morphisms are induced by the corresponding paths. 
Similarly, taking [ro,So] = [3,9], the left maximal sequence is 

{l}-[3,9] 

from which we deduce the minimal infective coresolution 

^ M[3, 9] ^ /(9) ^ /(I) ^ 0. 

We are interested in computing resolutions of injective and projective indecomposable 
modules. These modules are usually not uniserial, neither are in general their first syzygy or 
cosyzygy, respectively. In order to apply Theorem 13. 3[ the next lemma shows that we must 
start from the second. 

Lemma 3.5 a) The second syzygy of an indecomposable injective module is the direct sum 
of at most six uniserial modules. 

b) The second cosyzygy of an indecomposable projective module is the direct sum of at most 
six uniserial modules. 
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Proof. Let /(c) be an indecomposable injective A-module. If /(c) is uniserial, then there is 
nothing to prove because of Theorem I3.3[ Otherwise, let top /(c) = S{ao) © S{ai). Then the 
projective cover of /(c) is P(ao) © P{ai)- Let [oj, fej] and [oj, 6^] be the two maximal non-zero 
paths starting at (with i = 0,1), where we agree that [ao,c] is contained in [ac^o] ^^"^ 
[ai,c] is contained in [ai,6'^]. Let di be the direct successor of Oj on the path [aj,6j] then 

Q^I{c) = M[do, bo] © M[di, bi] © M 

where M is an indecomposable module, usually non-uniserial, such that top M = S{c) and 
socM = S'(feo) © S{b[). Hence, the projective cover of n^I{c) is P{do) © P{di) © P(c), and 
r2^/(c) is the direct sum of at most six uniserial modules obtained as follows. 
Let [di,bio], [di,bii\ be the maximal non-zero paths starting in di (with i = 0, 1), where we 
agree that [di,bi] is contained in [di,bio]. Then let 

[dio,bio] = [di,bio\\[di,bi] 

[dii,bii] = [di,bii]\[di,bi] = [di,bii]\{di}. 

Let also [c, cq] and [c, ci] be the maximal non-zero paths starting at c, where we agree that 
[c, 6q] is contained in [c, cq] and [c,b[] is contained in [c, ci]. 
We let 

[co,Co] = [c,Co]\[c,6o] 



and 

It is then clear that 



[c'i,ci] = [c,ci]\[c,b[]. 



n^I{c) = M[doo,boo]®M[doi,boi] 
© M[dw,bw]®M[dn,bn] 
© M[c;„co] ©M[c;,ci] 

which establishes a). Statement b) is dual. □ 

Corollary 3.6 a) Let I{c) be an indecomposable injective module such that top(/(c)) = 
S{ao) © S{ai). Then I{c) has the following minimal projective resolution 



■ ■ ■ ~^ ©i;(0,j2,j3) ^(^0i2is^ ~^ 0j;(O,i2) ^(^012) ~^ ^i^O 

^ P{do) © P(c) © P{di) P(ao) © P(ai) ^ /(c) ^ 

wt/i i/ie morphisms induced by the paths, where {xq | 1 < j < 6} = {doo, d^i, diQ, du, Cq, c[} 
and ij G {0, 1}. 
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b) Let P{z) he an indecomposable projective module such that soc{P{z)) = S{wo) © S{wi). 
Then P{z) has the following minimal injective coresolution 

^ P{z) ^ I{wo) © I{w,) ^ I{v,) © I{z) © I{v2) ^ I{si) ^ 
0j;(O,j2) ^(^Oii) ~^ ©i;(0,i2,j3) -^(■^01223) • • • 
wzt/i t/ie morphisms induced by the paths, where {sq | 1 < J < 6} are as above and 

i,e{o,i}. 

Proof. This follows from Lemma 13.51 and Theorem 13.31 □ 
Corollary 3.7 With the above notations 

a) All the points xl,xl^^, ■ ■ ■ ,Xq^^ ^^ are targets of relations. 

b) All the points Sg, Sq^^, ■ ■ ■ , Soi2,,,ii ^^^^ sources of relations. 

Proof. This follows from the construction of these points. □ 

4 The top of the higher relation bimodule 

Definition 4.1 Let A be a finite dimensional algebra of finite global dimension. The A — A- 
bimodule (0.^2 Ext^(Dyl, A)) with the natural action is called the higher relation bimod- 
ule. The trivial extension 

A^{^Ext\{DA,A)) 

of A by its higher relation bimodule is called the higher relation extension of A. 

If gldim A < 2, then the higher relation extension of A coincides with its relation extension, 
as defined in |ABS] . 

Our objective in this section is to construct the ordinary quiver of the higher relation 
extension of a string algera A of finite global dimension. 

As mentioned in the introduction, we also assume that the ordinary quiver Qa of A is a 
tree. 

Let thus A = kQ/I be a string algebra, with Q a tree and M be an A — A-bimodule. We 
have 

radM = M(radA) + (radA)M 

and then 

topM = M/[M(radA) + (radA)M]. 

If M = 0.>2 Ext\{DA, A), then, clearly top M = 0.>2 top Ext\{DA, A). In order to de- 
scribe this top, we start by describing the modules top^ Ext^(/(c), A) and top Ext\{DA, P{z))a 
for all points c, z E {Qa)o- 

In the following, we use the notation of section 3. 
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Proposition 4.2 Let A = kQ/I be a string tree algebra and I > 0. Then Ext^ (-^(c), P{z)) 7^ 
if and only if one of the following two conditions hold: 

a) there exists a non-zero path uo : z ^ ^Iw-'-h+i '^^^ passing through xl^i^,,,^^ and whose 
compositions with x] „• x] „• are both zero. 

b) z = a:^^j2...jj and xI_^^^,,,^^q, xl^i^,,,^^^ both exist. In this case, a non-zero element is induced 
from the difference of the two paths xl^^^...^^ ^ Avh-k^ ^^^d xl^^^...^^ ^ ^Ui-hi- 

Remark 4.3 Observe that in case (b), we have the following situation 



11 zo---if 



"1 



where vuq, vui are zero paths. 



Proof. Let 

■ ■ ■ ^ ®PK...,J ®PK-nJ ©^«....) ^■■■^Pc^ m ^ 

be a minimal projective resolution of /(c). Recall that the morphisms dk are induced from 
the paths in Q. 

If condition (a) holds then it follows from the definition of Ext^^(/(c), P(z)) that u induces 
a non-zero element in Ext^^(/(c), P(z)). 

If condition (b) holds, then Pi^2 = ®Pi^ii---ii_f_J has two indecomposable summands P(x^j...j^Q), 
- whose images d{P{xl_^...i^Q)) and d{P{xl_^...i^i)) lie in the same indecomposable sum- 
mand P{xl^,,,^^) of P^+i, together with two non-zero morphisms z/j : P{,xl_^...^^^^) — ^ P{z) 
{ii+i = 0, 1) such that there exist two morphisms 7^ : P(x^^...jJ — )■ P{z) with z/j = 'jid. 




P{z) 

In this case [ui — 1/2]* : P{xl_^...ifi) ® Pi^ii-iii) ~^ Pi^) does not factor through P(x^^...j^) 
because dimk Hom(P(x^^...j^o) © P(x^^...j^J, P(2)) = 2 while dimk Hom(P(x^^...jJ, P(2;)) = 1, 
since the algebra is a tree algebra. This shows that Ext^^(/(c), P(z)) 7^ 0. 

Conversely, suppose that Ext^^(/(c), P{z)) contains a non-zero element [/]. Then [/] is in 
the class of a morphism / : ®P{xl^...^_^_-^^) — ^ P{z) such that fdi+3 = 0. Since A is a tree string 
algebra, there are at most two indecomposable summands on which / is non-zero, because 
otherwise there are non-zero paths from z to three points and these induce a full 

subcategory of type ©4 which contradicts the fact that A is string. Thus we get a morphism 
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/ : P(x^^...j^^J ©P(x:^, ) —J- P{z) which does not factor through di+2- li z = x{_^...i^ then we 
must have j = j', i = i', - ■ ■ ,ii = i[ and 7^ i'lj^^. Suppose z 7^ If both non-zero paths 

z x{_^,,,^^^^, z ^ ...i' which induce / pass through xi^,,,^^ then we have a contradiction 
to A being string. If one non-zero path z -w x^^...^^^^ passes through xl^___^^ then the other 
satisfies condition (a). Indeed, the composition with xi ., -w xi ■, ., vanishes because 
our original path corresponds to an element of Ext^^(/(c), P(z)). Similarly, if 2; ^ 
does not pass through neither xl^,,,^^ nor X''-, ■, then both paths satisfy condition (a). □ 
The following example ilustrates condition (b). 

Example 4.4 Let A be given by the quiver 

3 

1 ^2 

4 

bound by rad^A = 0. Then the minimal projective resolution of 1(1) is 

^ P(3) © P(4) ^ P(2) ^ P(l) ^ /(I) ^ 0. 

Lei ji : P(3) — P(2) and J2 • -P(4) — -P(2) be the canonical inclusions, then it is easily seen 
that the morphism 

[n -J2]*:P(3)©P(4)^P(2) 
induces a non-zero element 0/ Ext^(/(1), P(2)). 

Corollary 4.5 Assume A is a gentle tree algebra, then Ext^^(/(c), P(2;)) 7^ z/ and only if 
there exists a non-zero path u : z ^iii2-ii+i '^^^ passing through x^^-^,,,-^ and whose composi- 
tions with a;^,i2-. i,+i ^ ^hi2-H+2 ^^^^ 

Proof. Indeed, if A is gentle, then condition (b) cannot occur as shown in the remark preceding 
the proof. □ 

Corollary 4.6 a) Let u : z ^hi2---ii+i ^ non-zero path as in Proposition^^ a). 

al) Assume that a point xl_^^^,,,^^^^ exists, then w induces an element of the top of 
A Ext^^(/(c), A) if and only if z is the starting point of a relation of the form 
ujuj' when uj' : 

«l«2---«!+i ^ll2■■■^l+2 

a2) Assume that no point xl^^^,,,^^^^ exists, then w induces an element of the top of 
A Ext^2(/(c), A) if and only if 

^ ~ 10 ■■■i ^'^^ ^ '^^ stationary path in z. 
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b) In the situation of Proposition \4.2\ b ), the class of the difference of the paths xj^ j ^ 
xi...ko ai^d xi...n Ext^^(/(c),P(z)) lies in the top 0/ a Ext^^( J(c), A) if 

and only if there are two minimal relations z x] i n x] n,- and z x] , 

X. 



1+2 

"ll...l;lJi+2 ■ 



Proof. 

al) The morphism / : Pi^2 = ~^ induced by u factors through P{s) 

where s is the source of a relation ending at xl^i^,,,^^^^ and such that s hes on the path 
uj. So, / induces an element on the top of a Ext^^(/(c), A) if and only if s = ^. 

a2) This follows from the fact that the morphism / : P/_|_2 = ®P{xl^ iiii+i) ~^ ^{^) factors 
through the identity of -P(2^iii2---j!+i)- 

b) Let / be a representative of the class of the difference of paths a::^^ ^ ^h-.-k 



inExt:+2(J(c),P«,„,)). Then 



/ = [/o /i 0] : P«...,o) © PK...,i) © ^ P{x: 

j j 

"?.l...l;0 ■^21...2;0«;+2 



Suppose first that there is no relation z x\ i i . Then any relation ending 



at a;:^^...j;0j;+2 ^^^t start at a successor y of z. Therefore there exists g : P{xl^ ^^q) — > P{y) 
such that /o factors through g, whence / = [kg fi 0], for some morphism h. So [/] is 
not in the top of a Ext^^(/(c), A). 

Conversely, if we have two minimal relations as in the statement, and [/] is not in the 
top of AExt^2(/(c),yl), then [/] = [h][g] for some [g] E Ext^J;^ {I (a), P{y)), which is 
represented by a morphism 

g:P{xl„,^o)®Pi<...,i)^Piy)- 

Then y lies on the non-zero path z x^^ or 2 -w (or both) and y ^ z. 

But then g di+s^ : -P(a;i^..i;0ii+2) ~^ Piv) non-zero, because it is given by the non- 
zero path y xl j ...i oi ' this contradicts the fact that [g] belongs to 
Ext!+2(/(c),P(y))' □ 

We summarise the results in the theorem below. 

For each point c in a string algebra A = kQ/I, we compute the minimal projective res- 
olution of /(c) given in Corollary 13.61 Then for all / > 0, the I + 2-nd term in the minimal 
projective resolution of /(c) is given by P;+2 = 0j,(n,i2, - Pi^iii2-ii+i)- 

Whenever the point x^ exists, let z^, be the source of the relation ending in 

^M2-i,+2 passing through x]^^^...^^^^. 

For each j G {1, ■ ■ ■ , 6} and for each / > 0, define 

2i = J ^iii2---H+iO if ^iii2-ii+i0 exists; 

\ <*2-i,+i otherwise, 
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and let 



1 



if 



ni2---^z0' iii2---ii 



U2-HI both exist; 



otherwise. 



Dually, whenever the point sl^^^,,,^^^_^ exists, let c^i^i^...^^.^ be the target of the relation starting 
in s]ji2---«!+2 passing through sl^^^,,,^^^^. For each j G {1, ■ ■ ■ ,6} and for each / > 0, define 



if si 



^ <^2■■■H+^ Otherwise, 



exists; 



and let 



if <i2-*,0' 4*2-i,i both exist; 



otherwise. 

Theorem 4.7 Let A = kQ/I be a string tree algebra and I > 0. The following are equivalent 

(a) Ext'f{I{c),P{z))j^O; 

(b) there exists j such that z G dia - ii+i/ 

(c) there exists j such that c G 0iii2-- i,+i • 



Proof. The equivalence of (a) and (b) follows from Proposition 13.61 and from the definition 
of C^,-. , using the fact that if both points xl. exist then we have the following 
situation in the quiver 



'.n'2---»;+i0 



The equivalence of (a) and (c) follows from the dual argument. 



Remark 4.8 One can easily compute the top 0/ a Ext^^(/(c), A) using Corollary \4 -61 



□ 



5 The quiver of the higher relation extension 

Knowing how to compute top AExt^(/(c), A) and topExt^(Dyl, P{z))a allows us to find the 
new arrows of the higher relation extension of a string tree algebra A since they are in bijection 
with a basis of 
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topExt\{DA,A) = Ext\{DA,A)/radiExt\{DA,A)) 

Ext\{DA,A) 

(rad A)Ext\{DA,A) + Ext\{DA,A) (rad A) ' 



Note that Ext\{DA, A).ec = Ext\{I{c), A) is a left A-module and that e^. Ext\{DA, A) = 
Ext\^{DA,P{z)) is a right A-module. 

Given a right (left) A-module M, we denote by Pi{M) the i-th term in a minimal projective 
resolution of M and by Ii{M) the i-th term in a minimal injective coresolution of M. 

If we represent the elements of Ext\{DA, A) as classes [fez] of morphisms fez '■ Pi{I{c)) 
P{z) such that the composition of fez with the map Pj+i(/(c)) — > Pj(/(c)) of the projective 
resolution is zero, then we are considering the left A- module structure of Exi\{D A, A). There- 
fore, [fez] lies in (rad A) Exi\{DA, A) if and only if [fez] G Extyj(c), A) lies in the radical of 
the left A-module Ext^(/(c), A). 

In terms of morphisms, [fez] is in radExt^(J(c), A) if and only if fez factors non-trivially 
through another morphism fey : Pi{I{c)) — )■ P{y) such that the following diagram is commu- 
tative 

P,(J(c)) ^- ^P{z) 




where the map h is given by the left-multiplication by a path in Q from z to y, and the 
composition of fey with Pj+i(/(c)) — )■ Pi{I{c)) is zero. 

Dually, we can represent the elements of Ext\{DA, A) as classes [gez] of morphisms Qez '■ 
I{c) — )■ Ii{P{z)) such that the composition of gez with the map Ii{I{c)) — )■ /j+i(J(c)) of the in- 
jective coresolution is zero. This corresponds to the right A-module structure of Ext\{DA, A). 
Therefore, [gez] lies in Ext\{DA, A)(j:adA) if and only if [gez] G Ext\{DA, P{z)) lies in the 
radical of the left A-module Ext\{DA, P{z)). 

In terms of morphisms, [gez] is in rad Ext^(-Dy4, P{z)) if and only if gez factors non-trivially 
through another morphism gbz : I{b) — ?■ Ii{P{z)) such that the following diagram is commu- 
tative 

J(c) ^/.(P(.)) 




m 

where the map h' is given by the right-multiplication by a path in Q from h to c, and the 
composition of ghz with Ii{P{c)) — )■ Pi+i(P(c)) is zero. 

Moreover there is an isomorphism of vector spaces 
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LR : Ext'^(/(c), A) — > Y.^t\{DA,P{z)) 

such that LR{[fcz]) and fez induce the same class in Ext\{DA, A). Thus, [fez] is in Ta.dExt\{DA, A) 
if and only if [f^z] € radExt^(/(c), A) or e mdExt\{DA,P{z)). 

Algorithm 5.1 

• Compute top^ Ext*(J(c), y4) for all c G Qo using Theorem \4.'T\ and Corollary \4.()[ (For 
efficiency we can restrict to the points that are the source or the target of a relation 
because of Corollary 4-6 and Corollary 3.7). 

• For each c,zE Qq, let {pczi, Pcz2, ■ ■ ■} be a basis for Cz- top^ Ext*(J(c), A). 

• Let Bq = {pczj '■ c, z & Qo, c the source or target of relations} be the set that spans the 
vector space top Ext* (DA, A) . 

• Compute top Ext^{DA, P{z))a for each z such that p^zj G Bq using Theorem \4.'7\ and the 
dual statements of Corollary \4.6\ 

• A basis of top ExV {DA, A) is 

B' = B^\ {p,zj e ladExt' {D A, P{z)) a; c,z,j}. 

Each element of 5* has a triple subcript czj, and each such element gives rise to exactly 
one new arrow 2; — > c in the quiver of the higher relation extension. 

Theorem 5.2 Let A = kQ/I be a string tree algebra. Then the algorithm \5.1\ computes two 
sequences (q), {zi) of vertices of Qa such that the arrows in the quiver of the higher relation 
extension are exactly those ofQA plus one additional arrow from each zi to ci. 

Proof. This follows from the discussion preceding the algorithm. □ 

Remark 5.3 The vertices (q), (zi) are not necessarily distinct, there may be repetitions. 

Example 5.4 Let A = kQ/I be the string algebra given by the following bound quiver: 

Then there exists an element p2,4 ^ 64. top^ Ext^(/(2), A) which is not in top Ext\{DA, P(4))A.e2 
and therefore not in top^ Ext^(D74, A) a- Thus the quiver of the higher relation extension is 
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Example 5.5 In this example, the higher relation extension contains an 'Ext'^-arrow 5 — )■ 1 
although there is no relation between the points 5 and 1. Let A = kQ/I be the string algebra 
given by the bound quiver: 




5 ■ ■ ■ 



Then the quiver of the higher relation extension of A is the following: 




Example 5.6 Let A be the string algebra of Example \3.4\ Then the quiver of the higher 
relation extension of A is the following: 



11 — 9- 12 — s- 13 




9 — 9- 10 — >■ 14 — 15 — >■ 16 — 17 



Example 5.7 This example illustrates the situation in Corollary 4-6 (b). Let A = kQ/I be 
the string algebra given by the bound quiver: 



Then the quiver of the higher relation extension of A is the following: 



Note the existence of a 2-cycle. 



6 The higher relation bimodule for gentle algebras 

Recall that a set of monomial relations {Kj}j=i f is called an overlapping if the paths and 
Kj+i have a common subpath d such that /tj = did and Kj+i = d'di^i, for all i = 1, ..,t — 1. 
A maximal t-overlapping is an overlapping {ni}i=i^„^t such that there exists no monomial 
relation k such that the sets {k, k^, i = 1, - ■ ■ ,t} and {/tj, i = 1, - ■ ■ ,t, k} are an overlapping, 
see [UHZllGu] . 
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Lemma 6.1 Let k, = ■ ■ ■ ,Kt) be the following maximal t- overlapping over a gentle algebra 
A = kQ/I: 

1 s- 2 >• 3 >■ 4 s- • • • • ■ t 5* t+1 s- t+2. 

Then, for the infective /(I) associated to the vertex 1, the sequence of Xi-^i^.-.it is: 

Xq = 3, Xqq = 4, xqoo = 5, ■ ■ ■ , Xi^i^...i^ = Xoo-.-o = t + 2. 

Proof. This follows from the construction of the points Xi^i^...i^ given in section 3. □ 

Remark 6.2 Observe that there may be other points Xi^i^...i^ where some ij ^ 0. In the 
Lemma we only consider one branch of the quiver which contains all the points Xoo-.-o- 

Proposition 6.3 For every maximal t-overlapping k, = ■ ■ ■ , Kt) from c to z there is 
exactly one new arrow : z ^ c in the higher relation extension which is induced by 

an element of 'Ext''^^ (I (c) , P (z)) and these are the only new arrows in the higher relation 
extension. Moreover, we have the following relations: 

(a) a{K,)ai = and at+ia,^ = 0, where ai and at+i denote the first and the last arrow of k; 

(b) where are new arrows and p is a path consisting of old arrows. 

Proof. By Corollary 4.5, Ext^^(/(c), P(2)) 7^ if and only if there is a non-zero path 
w : 2; -w Xjij2...j,^-^ not passing through Xj^j2...j, and such that the compositions with the non- 
zero paths u^^ 2 : Xj^i2---ji+i ^iii2-ii+2 both zero if i;+2 exists, see figure. 




n»2---»i+2 



But the previous Lemma implies that 



n«2---«;+2 



is a relation of length 



2, contradicting that A is gentle. Therefore ii+2 does not exist, that is, pd J(c) 
we have the situation 



1 + 2. Then 



in ■■■I, 




and Xjjj2...j,^j is the target of an overlapping u. 

Thus by Corollary 4.5, Ext^^(/(c), P{z)) 7^ if and only if there is a non-zero path to from z 
to Xjjj2 - ji+i iiot passing through Xj^j2 - «r Then, by Corollary 14.61 a2). u induces an element of 
the top of A Ext^(/(c), A) if and only if z = Xi^^^...i^^^. 

To check whether u : z ^ Xjjjj - ii+i induces an element of top Ext^^(Dyl, A), we can apply 
the algorithm 15.11 Hence, oj induces an element of the top Ext^^(DA, A) if and only if z is 
the starting point of the overlapping k. 
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The result about the new arrows now follows from the algorithm. 

Using the fact that Ext^^(/(c), P(z)) 7^ if and only if there is a non-zero path uj from 
z to Xi-^i^...ii^-^ not passing through Xi^i^...^ with z = Xi-^i^...^ shows that at+ia^K) = 0. Dually, 
one proves that = 0, and the relations of the form (p(' occur since we are dealing with 

a trivial extension. □ 

The following example shows that the higher relation extension of a gentle algebra is not 
necessarily gentle. 

Example 6.4 Let A be given by the bound quiver 

Then the higher relation extension coincides with the relation extension and has the quiver 



C C 




bound by relations of length 2 and the relation QpC,' , which is of length 3. 

Corollary 6.5 The tensor algebra of the higher relation bimodule has the same quiver as the 
higher relation extension and has the relations in Proposition 1 6. 3\ (a). In particular its relation 
ideal is quadratic. □ 

7 The tensor algebra of a gentle algebra 

Theorem 7.1 Let A be a gentle algebra. 

(a) The tensor a/(7e6ra T^(^^>2 E'Xt^(Dyl, A)) is gentle. 

(b) The higher relation extension A x (0 .^2 Ext^(Z}y4, A)) is monomial. 

Proof. Since the universal cover of a gentle algebra is a gentle tree, we may assume that 
A is a tree. We prove the conditions SI), S2), S3), Gl) and G2) of section 2. 

S2) At every point there are at most two incoming arrows (dually, outcoming arrows). 
Suppose there are three arrows a,/3,7 with target x (see figure) 



X 




7 



Then at least one, say 7, is a new arrow. Hence, 7 corresponds to an overlapping 
uj = [ui, U2,- ■ ■) with source x and there is no relation involving a or P and overlapping 
with u!i, that is. 
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Because A is gentle, at least one of the arrows a and (3 is new. Assume a is old and 
/3 is new. Then we have two such overlappings u, u' and no relation involving a and 
overlapping with u or u', that is we have the following situation in the bound quiver of 
A. 




which yields a contradiction. 

Finally, if all three arrows a,/3,7 are new, we get three overlappings starting at x. 
Because A is gentle, condition Gl) implies that we have three arrows having x as a 
source, a contradiction. 

S1,G2) Suppose we have a minimal relation involving at least two paths in the sense of |MP] . 
Then, in the higher relation extension we have at least two paths ci,C2 starting and 
ending at the same point with at least one new arrow in each of these paths. Let 
Ci = CiiaiCi2 where ctj is a new arrow, i = 1,2. 

Assume first that there is exactly one new arrow on each path q. Then each o;, corre- 
sponds to an overlapping Ui in A starting at the target of aj and ending at its source, 
and this contradicts the assumption that A is a tree. 

If Ci contains several new arrows, the same argument as before applies. 

This shows that the higher relation extension of A is monomial and hence that the tensor 
algebra is also monomial, and even has a quadratic relation ideal, because of Corollary 
1631 

S3) Suppose we have the following subquiver 




such that 07 and f3'j are not in the ideal I of the tensor algebra ryi(0j>2 Ext\{DA, A)). 
Then one of the three arrows is new. First assume that 7 is a new arrow, then 7 
corresponds to an overlapping u ending at x which implies that a or (3 must be a new 
arrow, say /3 which correspond to another overlapping u' starting at x. But then the 
last arrow of co and the first arrow of u' are not bound by a relation and also a is not 
bound by a relation with the first arrow of u'. This contradicts A being gentle. 

Suppose now that a is a new arrow corresponding to an overlapping u starting at x. 
Because of the first case, we may assume that 7 is not new. Since f3 is not bound by 
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a relation with the first arrow in w, it must be with 7, contradicting the assumption 

hi I- 

Gl) Suppose we have a subquiver 




such that Q!7 and h are in the relation ideal of the tensor algebra rA(©j>2 Ext^(i5A, A)). 
If 7 is a new arrow corresponding to an overlapping ending at x then a or /3 must 
be new, say /3, and corresponding to an overlapping as above, which is bound by no 
relation with a. It follows from our description of the bound quiver that the new arrow 
(3 is not bound by a relation with 7, because 7 is not in the overlapping w^, and this is 
a contradiction. □ 
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